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Drift Kinetics and
Quasilinear Theory

From kinetic response to the evolution of the distribution

Instructor: Muni Zhou

CGL follows density and two pressures, but particles with different parallel velocities can respond
very differently to the same perturbation. Drift kinetics retains this velocity dependence while
averaging over rapid gyromotion. We first identify the guiding-center motions that it describes
and explain how the drift-kinetic equation emerges from the ordering of a strongly magnetized
plasma.

We then use a simple electrostatic kinetic model to study how waves respond to a given
distribution, how phase mixing and Landau resonance transfer energy in velocity space, and how
field—particle correlations can diagnose that transfer. Finally, quasilinear theory describes the
cumulative effect of many weak resonant interactions as diffusion in velocity space. The bump-
on-tail problem provides a concrete example in which growing waves reshape the distribution
that drives them and produce a plateau near marginal stability.

The organizing questions are: what determines a wave’s growth or damping, where does
a damped perturbation go in phase space, and how does the wave change the background
distribution until its own drive is removed?
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1 From CGL to drift kinetics

1.1 Why keep the distribution function?

The CGL laws,
D (p, D p||32
_ - - 1.1
Dt (nB) 0, Dt ( n3 0, (1.1)

neglect the relevant heat-flux terms. Collisionless particles can nevertheless carry heat along the field: in a
hot region connected to cooler plasma, fast particles leave sooner than slow ones. If L /v is comparable
to the evolution time, this streaming matters. A few moments also do not specify the slope of the
distribution near a wave’s resonant velocity. Both problems require more information about f.

1.2 Average over gyromotion, retain guiding-center motion

A systematic asymptotic reduction starts from the magnetized Viasov equation, coupled to Maxwell’s
equations (or Poisson’s equation for electrostatic perturbations with a prescribed magnetic field). With
consistently ordered weak fluctuations, low frequencies, and long parallel scales, one standard route is

Qe c. . C .
< > gyrokinetics (5D) k1Pl qrift kinetics (5D).

ki p~1

Vlasov (6D)

average gyrophase

Here Q. is the gyrofrequency and p the thermal gyroradius; the parallel ordering is [kj|vin < €.
Eliminating the rapid gyroangle leaves three orbit-center position coordinates and two velocity coordinates,
v and p. The long-wavelength limit removes finite-gyroradius averaging effects at leading order.

We use a heuristic derivation below: take the leading-order guiding-center motions, then obtain the
kinetic equation by conserving the collisionless distribution along those trajectories.

We consider the simplest electrostatic slab form of drift kinetics: a straight, spatially uniform,
time-independent magnetic field, B = Byz, with § B = 0 and weak electrostatic perturbations. There are
no magnetic-field gradients or curvature, so mirror forces and magnetic drifts vanish. Spatial gradients of
f and E are still allowed at this stage.

For a magnetized species, take

|wl |k [ven | B Uth, |
— <1, k 1 1 Q. = ==, 1.2
q, < 1p <, o <L c= et PEa (1.2)
The rapid gyrophase can then be averaged out. Use
mu? 2mB
f= @t p="2k de= T dudoy. (1.3)

2B’

Here R is the guiding-center position and p is conserved to the retained order. Removing gyrophase does
not remove perpendicular energy: it is still represented by uB.

For this geometry, with E = —V ¢, the leading-order guiding-center motions are
. E x B E
R:v||2+uE, up = %, U” = %, /120. (1.4)
Conservation of the collisionless distribution along these trajectories gives
af
0= T —0f+R- Vf+vH8va+,u8uf,
— 0=|Of +0)0uf +up- Vi + O ”aUHf (1.5)
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The three transport terms represent parallel streaming, perpendicular advection, and acceleration through
parallel velocity space. This is the slab drift-kinetic model we need.

In a weak-flow ordering, ug < vy, but perpendicular advection can compete with streaming when

up Ky
ug Ry

<1l = kjug~ k‘”Uth. (1.6)
Uth k.

The comparison is between rates, not velocities alone. This is the same scale-based reasoning used in
anisotropic turbulence.

1.3 Connection to the magnetic mirror

In a slowly varying, stationary magnetic flux tube, the parallel acceleration also contains the mirror force:

. abp
’UH = 7” - *VHB (17)
m m
For E| = 0, increasing B raises B at the expense of parallel kinetic energy. General geometry also

introduces magnetic drifts. We will keep B = By below, so these geometric terms vanish and the parallel
electric interaction can be followed on its own.

2 Equilibrium, fluctuations, and the kinetic model

2.1 One model for the rest of the calculation

We now make an additional one-dimensional approximation: set perpendicular spatial gradients to
zero and integrate over perpendicular velocities. This removes the ug - V| f term; the remaining parallel
acceleration is due only to ), so By no longer appears explicitly. From here onward, f(z,v,t) denotes
this one-dimensional distribution, v = v, and £ = Ej;. Use an electron plasma with a uniform, immobile
ion background of density ng:

ouf +v.f+ Lo, s =0, 8ZE:47Tq</fdv—n0>. (2.1)

The first equation follows particles; the second makes the field respond to their density. Take a periodic
spatial domain, zero mean F, and distributions that vanish at large |v|.

The parallel kinetic equation has this form beyond the low-frequency drift ordering as well. For the rest
of the main calculation we use the classical Viasov—Poisson model, including Langmuir waves. Their
frequency is not assumed to satisfy (1.2). The particle—field feedback developed below is the quasilinear
method; it can later be applied to low-frequency modes using their own field equations.

2.2 Separate the mean from the fluctuation

Write
f=F(v,t)+df(z,v,t), F={f), (6f) =0. (2.2)

Here (g) = L1 fOL g dz averages over the periodic domain at fixed v. Periodicity removes the streaming

term:
v

(0. 1) = 2 [F(L,v,1) = F(0,0,1)] =0.

Free streaming redistributes particles in space without changing F. Since FE is independent of v and
(E) = 0, the electric term becomes

(Ed,f) = (E) 8,F + 8, (ESf) = 8, (BSf) .
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Thus averaging (2.1) gives the exact equation

O F = —%av (ESF) . (2.3)

For slow QLT evolution we will also average over rapid wave oscillations, with the window specified in
Section 5.3.

Subtract (2.3) from the full kinetic equation:
(0 + v0,)6f = —%E&,F - % (E0,0f — (ED,6f)). (2.4)

Streaming changes the spatial pattern carried by each velocity group. The first term on the right is the
response to the background gradient; the second couples fluctuating fields and distributions.

Linear theory: hold F fixed and omit both second-order terms inside the parentheses in (2.4),
retaining —(g¢/m)EJ, F on the right.

Quasilinear theory: use that linear response about a slowly evolving F', but retain (E¢f) in (2.3).
The fluctuations can then change the distribution that determines their growth.

The distinction is a time-scale ordering: QLT requires mean feedback to act before neglected nonlinear
fluctuation dynamics becomes important. We make this ordering explicit in Section 5.

3 Linear response: resonance, damping, and growth

3.1 Solve for the response and close the field equation

First freeze F(v). For a Fourier component proportional to eilbz=wt) with k > 0 and w = w, + 7,
equation (2.4) becomes

—i(w — kv)ofy = —%EkF’(v) o= LB (3.1)

m w—kv

The numerator says which part of the distribution responds; the denominator identifies particles that
remain in step with the wave. Along z = zg + vt,

Wr

kz —wpt) =kv—w, = |Upes = - (3.2)

ETe

Away from resonance the force alternates rapidly along the orbit. Near resonance, coherent work can
accumulate over many wave periods.

Insert (3.1) into ikEy = 4mwq [ ¢ fr, dv. A nonzero wave requires

2

w F'(v) 4rnoq?
kE)y=1- -2 / dv=0 2 1 3.3
e(w, k) nok? Jo v —w/k vy “p m (3:3)

The contour L specifies the causal initial-value response. The rule we need, for real w,, is

F'(v) F'(v)
——d :P/id i F’ k). 34
/M_WT/k v g v o /R) (3.4)
P denotes the principal value. The principal-value part sets the oscillation frequency; the resonant term
permits damping or growth. This rule follows by starting with Imw > 0 and continuing the response
while keeping the contour below the pole. We use the rule without performing the full contour calculation.
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3.2 The sign of the resonant slope

For |y| < wy, separate real and imaginary parts:

€(wr, k)

e . (3.5)

Gr(wrvk) :07 Y=

For a Maxwellian electron core and a small tail population, take the positive-frequency, long-wavelength
Langmuir branch. To leading order,

w? Oe 2
e ~1— -2, Wy >~ Wy, T~ 2 3.6
" w? tor Owy — wp (36)
Using (3.4) in (3.5) gives
3
AR )
~ Fl—=1. .
T onok? ( k ) (3.7)

A decreasing tail damps this wave; a positive-slope region can drive it. The beam must be weak enough
that the core still sets approximately the Langmuir frequency. Thermal corrections to w, are needed for an
accurate Maxwellian damping rate; the leading expression here establishes the resonant slope dependence.

F F

F’ < 0: damping F’ > 0: growth

wr/k wr [k

Figure 1: The same resonant response gives damping or instability, depending on the distribution. Only the
positive-velocity side is shown.

This is an ensemble energy-exchange statement: the imbalance of resonant particles on either side of the
phase speed determines the net work. An individual particle can gain or lose energy depending on its
phase in the wave.

Linear theory predicts what waves do to a given distribution. It leaves two questions: where does the
perturbation go when the wave damps, and what eventually stops growth when the distribution is
unstable?

4 Energy exchange, phase mixing, and irreversibility

4.1 Where does the electric-field energy go?

Define the spatially averaged particle and electric energies per unit volume,
E2
o ()

2

my fdv), Ug = ~—2+, J:q/vfdv. (4.1)
2 8T

Multiply the kinetic equation by mv?/2 and integrate. Streaming integrates to zero in the periodic domain,

while integration by parts in v gives

dUg

'U2
= <E/ 28dev> — B, SE=-m). (4.2)
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For the field-energy identity, use charge continuity, q0;n + 0,J = 0, obtained by integrating Vlasov over
velocity, with n = [ f dv. Differentiating Poisson’s equation in time gives

az»&gE = 47Tq8m = —47T82J — 8tE = —47T(J — <J> ),
where the spatially constant term is fixed by (E) = 0. Multiply by E/(47) and average:

dUg 1
L = —(BQE) = - (JB) + (J) (E) = — (JB).
This is the electrostatic energy balance corresponding to Poynting’s theorem.

Thus K + Ug is conserved. Damping transfers field energy to particles, but this does not yet establish
irreversible thermalization.

4.2 The distribution retains a ballistic part
Free streaming simply translates the initial pattern: df(z,v,t) = §f(z — vt,v,0). An initial Fourier
component A(v)e’** therefore becomes A(v)e**=v") | giving the factor e~ in § fy.

Including the electric-field drive, the linear kinetic equation has the time-domain solution, obtained with
the integrating factor eVt

) t ) p
8 fu(v,t) = 8 fr(v,0)e"Hvt — %F’(v) / Ep(te vt g, (4.3)
0

Even when the macroscopic field decays, the solution generally retains a ballistic contribution proportional
to e~ vt Tt oscillates increasingly rapidly in v:

1

Poisson’s equation depends on [ §fy dv, so fine positive and negative contributions can cancel while 4 fj
itself remains finite.

To see this directly, switch off the field for a free-streaming illustration. Then
(2 0,8) = F(z—vt,0,0),  &f = aFa(v) coslk(z — ot)], (4.5)

where Fyy = noe*”2/ Vih /(/Tugy) and the initial perturbation is aF)s cos kz. The Gaussian velocity integral
gives )
on(z,t) = ang cos(kz)e Fvmt/4, (4.6)

Every particle still has its original velocity. The density perturbation disappears through phase cancellation.
Landau damping adds the self-consistent field and its energy exchange to this phase-mixing dynamics.
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Free streaming creates fine velocity-space structure
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Figure 2: Free-streaming phase mixing for §f = aFy(v) cos[k(z — vt)], with Fps(v) = ng exp(—v?/v3,)/(v/Tvm)
and E = 0. Columns show kvt = 0,2,6. Top: contours of the phase-space perturbation. Middle: velocity cuts at
z = 0, marked by the dashed lines above; orange and blue indicate positive and negative perturbations. Bottom:
the spatial density profile, n(z,t)/ng = 1 + aexp[—(kvint)? /4] cos(kz), for a = 0.2. Each row uses the same axis
scales across all three times. Positive and negative contributions increasingly cancel in the velocity integral, so
the density approaches its uniform mean while fine-scale structure remains in the distribution.

4.3 Free energy and the role of weak collisions

For small perturbations about a homogeneous Maxwellian, the linear collisionless system conserves the
positive perturbation free energy

_ (B T [ (0f)? aw _

As field energy decreases, free energy accumulates in the distribution. Unlike [¢f dv, the integral of
(6f)%/Fy; does not cancel when the distribution develops fine structure. This is the kinetic extension of
an energy budget; it also explains what low-order fluid moments miss.

Fine-grained Vlasov entropy is conserved. Collisions can remove the fine structure and produce entropy.
Estimate this smoothing as velocity-space diffusion with coefficient ~ vv3 . For the ballistic part
5fk — A(v)e_”“’t,

836—’”61}15 _ _(kt)2e—ikvt'

If A varies on scale vy, derivatives of this phase dominate when |k|v,t > 1, giving 020 fi, ~ —(kt)26 fy.

Thus
C[6f] ~ vvd 025 f ~ —v(kvgt)?5f, (4.8)

so the collisional attenuation becomes important when

te
/ vkomt)?dt ~ 1 = |t ~ [(kvm)?] /5. (4.9)
0
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For v < |k|vty, this is much shorter than »~!. Small collision frequency need not mean negligible collisions
once velocity gradients become large.

Plasma echo. Before collisions erase that structure, a second perturbation can rearrange the phases left
by the first and produce a later macroscopic signal. This echo demonstrates that phase mixing has hidden
information in velocity space. Nonlinear mixing and unmixing will reappear in kinetic turbulence; no echo
calculation is needed for the QLT derivation below.

4.4 Example: measuring energy transfer with field—particle correlations

The energy equation above describes exchange between particles and the electric field, but the integrated
work JE does not identify which particles participate. A field—particle correlation (FPC) retains this
velocity-space information. In the one-dimensional model, let w = mv?f/2. Multiplying the kinetic
equation by mv?/2 gives )

ow + vo,w = —q%E@vf. (4.10)
At a measurement point, average the electric-force term over a time window T,y:
02
Clv) =~ (a2 Fof) / C(v)dv = (JE)y,_ . (4.11)
Tav

Positive and negative values of C(v) show where particles at a given velocity gain and lose energy through
the electric force. Choosing T, longer than the wave period suppresses reversible oscillatory exchange
and exposes a persistent resonant signature, while the velocity integral recovers the net work.
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FPC is a diagnostic obtained directly from the kinetic energy equation; it does not require quasilinear
theory. If the QLT assumptions hold, however, the measured velocity-space pattern can be compared
with the diffusion prediction
2 2
muv mu
5 O F = T&,(D&)F). (4.12)

Thus FPC tests where wave—particle energy transfer occurs, whereas QLT supplies a statistical closure
for the slow evolution of F. A nonzero FPC establishes energy transfer, but by itself does not prove
irreversible thermalization.
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5 Quasilinear theory: coupled particles and waves

Linear theory holds F' fixed and predicts whether a wave grows or damps. Quasilinear theory (QLT) lets
the waves change F', and then uses the changed distribution to update their growth. This feedback can
remove the instability’s own drive.

Two possible outcomes near resonance. A particle responds to the total electric field, even though
resonance is most easily described one Fourier component at a time. For mode k, define its phase
Y1, = kz — wit and phase velocity vgr, = wy/k. Its potential can produce an island centered near a stable
wave phase and v = vg. In a multiwave field, islands associated with different resonances coexist. Figure 4
therefore uses one schematic phase coordinate and the absolute particle velocity v to show the whole
picture at once. Suppose that a particle is initially close to resonance with a component kg, so that
wo — kov ~ 0. The field changes the particle velocity, and therefore changes both its mismatch with kg
and the part of the spectrum that is now closest to resonance. On a Langmuir branch with w ~ wy,, for
example, the resonant wavenumber shifts according to kyes ™~ wp/v.

There are two limiting possibilities. Coherent trapping: if a wave is sufficiently strong and remains
coherent long enough, the particle stays inside one island and bounces about its phase velocity. This
requires a bounce time no longer than the field-correlation time, 7, < 7.; Section 7.1 gives the quantitative
test. Successive resonant kicks: resonance overlap, additional modes, or time dependence can instead
carry a particle across a separatrix and into the neighborhood of another resonance. If the force phase at
the new encounter is no longer predictable from the preceding one, the successive changes act as random
kicks. It is this loss of phase memory that is called decorrelation; the resonance islands themselves were
already present. QLT describes the cumulative effect of this second possibility.

v Coexisting resonances in a multiwave field

new resonant encounter

. S S

crossing enabled by
overlap or time dependence

RS G —

separatrix

rapped particle: closed bounce orbit

phase coordinate (schematic)

Figure 4: A single schematic phase-space portrait containing two resonance islands that coexist. One particle
remains on a closed orbit inside the lower island and is coherently trapped. Another particle can cross a separatrix
when additional modes, resonance overlap, or time dependence breaks the single-wave invariant, and can then
encounter a different resonance. If the force phase at successive encounters is uncorrelated, their cumulative effect
is velocity-space diffusion.

5.1 Resonant kicks: the particle picture before the calculation

Before deriving an equation for F', consider what an individual particle experiences. To lowest order, a
particle with velocity v follows the unperturbed orbit

A(t) =z0+ot,  Au(t) = % /OtE[z(s),s],ds. (5.1)
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For one Fourier component, Fj, x expli(kz — wt)], the phase sampled along this orbit is
kz(t) — wt = kzo + (kv — w)t. (5.2)

Far from resonance, |kv — w| is large: the particle rapidly samples electric fields of alternating sign, so
most of the acceleration cancels. Near kv = w, the phase changes slowly and the electric force can act
in nearly the same direction for a longer time. Resonant particles therefore receive the largest velocity
changes.

We now follow the random-kick branch. Let 7. be the decay time of the total electric-force correlation
along the particle orbit. During one correlated encounter the particle receives a small kick, Av;. Later
encounters have effectively unrelated phases, so the signs of successive kicks are random. A single perfectly
coherent wave belongs instead to the trapping branch discussed above.

t
Av = Avy + Avg + -+ - + Aoy, NNT—. (5.3)
The mean kick can vanish while its variance grows:
(Av) =0, ((Av)?) = N ((Avy)?) = 2D(v)t. (5.4)

Thus diffusion describes the cumulative statistical effect of many weak resonant interactions. The coefficient
D(v) is largest for velocities that remain in phase with part of the wave spectrum.

The separation of time scales makes this a slow evolution of the background. Let dv. be a typical kick
received during one correlation time and let Avg be the velocity scale over which F' changes appreciably.
For weak kicks,

(0v.)? (Avp)? (AUF)Q
dv, < Avp, D~ , toq ~ ~ T, > Te. 5.5
c F T eq D c 5Uc c ( )
Thus F' is effectively fixed during one encounter, even though many encounters can change it over tq. The
wave intensity must likewise change little during one encounter, so 7. < 75, where 7, is its growth time.

This is the regime addressed by QLT. On a fast time scale, solve for the fluctuation df as a linear
response to I about an almost fixed F'. On the much longer time t.q, retain the small correlation of
those fluctuations with the field. The exact averaged kinetic equation already has the form of a continuity
equation in velocity space,

OF 40,0, =0, T,=—(ESf). (5.6)

a4
m

Because the linear response has df = O(E), this mean flux is O(E?). The first-order oscillatory response
is fast and averages away, while the second-order correlation can accumulate secularly and modify F'.

Schematically, the averaging interval used by QLT lies between the fast wave and force-correlation times
and the slow evolution times:

max(Ty, Te) < At < min(teq, 7g), teq < tnl. (5.7)

Here t, is the time on which the neglected nonlinear fluctuation dynamics changes the waves themselves.
The final inequality says that the cumulative mean flux becomes important before that omitted dynamics
destroys the linear-response description. Section 5.3 states these assumptions more precisely.

What direction does the flux take? Random kicks move particles both ways, but more particles leave a
velocity interval on the side where F' is larger. The diffusion picture therefore anticipates a flux down the
gradient,

'y = —D(v) 0, F. (5.8)
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Particle conservation in velocity space then gives

(OF +0,T, =0 = OF =0,(DO,F).| (5.9)

This is the simplest velocity-space Fokker—Planck equation. At this stage, only the down-gradient closure
for the exact flux is a physical expectation. The calculation below will use the QLT linear response to
obtain I', = —D0, F' and determine D(v) from the wave spectrum.

Resonance identifies which particles receive the largest kicks. Loss of phase coherence makes successive
weak kicks statistically independent. Their mean can cancel while their variance grows linearly in
time, producing diffusion rather than coherent acceleration.

5.2 The two coupled evolution equations

The unknowns are the mean distribution F(v,t¢) and the electric-field intensity of each Fourier mode,
Ii.(t) = |Ex(t)|%. For the weak bump-on-tail problem, their evolution takes the form

'a 1\

The core of QLT: evolve the particles and the wave spectrum together.

O F = 0,(D 0, F), waves redistribute particles, (5.10a)
dr
ditk = 2y [F Ik, particles drive or damp waves. (5.10b)

The notation v, [F] means that the growth rate is calculated from the current distribution F'(v,t).
For the bump-on-tail problem, this dependence is given explicitly by (3.7). The wave spectrum sets
D, and F sets the growth rates: each equation changes the input to the other.

This is a statistical reduction of the Vlasov—Poisson system (2.1). The linear dispersion relation (3.3),
evaluated using the current F', supplies w, [F] and v;[F]. The field is represented by its spectrum {Ij}
rather than by following every wave phase.

Where is ¢ f in this formulation? We solve for its linear response to E and F', then substitute that response
into Poisson’s equation and the mean feedback (EJf). This eliminates 0 f as an independent unknown in
the reduced system, while retaining its effects in the wave response and D. In particular, (6 f) = 0 does
not imply (Edf) = 0: this correlation is what changes F'.

Although the fluctuation response is linear in Ej, the coupled evolution is nonlinear: the waves change the
distribution that determines their own growth. We now specify when this reduction is valid and derive its
diffusion coefficient [1].

5.3 Which time scales must be separated?

The waves can change the mean distribution, or nonlinear interactions can change the fluctuations
themselves. To distinguish their time scales, repeat the exact equations (2.3) and (2.4):

oF = —Lo, (Esf)
m

mean feedback: teq (retain)

(9, +vd.)5f = —%E&UF (E0,Of — (B0y6f))

4
m

nonlinear fluctuations: ¢, (omit in QLT)

10
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The retained streaming and electric-response terms, coupled to Poisson’s equation, give linear modes
B, 6 f1, oc e”™rtt7t at fixed F. Their phase varies on 7, and their amplitude on Tg; these are two time
scales of the same linear response.

Time scale Physical meaning

Tw = |wr| ™1 Fast wave oscillation (up to a factor of 27).

Ty = y1 E-folding time of a growing wave’s amplitude, with v > 0.

teq Time for (E0f) in (2.3) to appreciably modify the relevant part of F. Here

“eq” denotes the evolving background, not collisional thermal equilibrium.

tnl Time on which the nonlinear fluctuation term in (2.4) becomes important. It
couples modes and invalidates their independent linear responses.

For the weakly growing Langmuir waves considered here, v < |wy|, s0 Ty < 7. Also require 7y < teq: a
wave sees an almost fixed background during one oscillation.

Average over fast oscillations without erasing the slow evolution of either the background or the wave
intensity. The averaging window must therefore satisfy

Tw < At < min(teq, 7g)- (5.11)

The growth time and toq need not be equal: v depends on the resonant slope of F', whereas the rate of
change of F' also depends on the wave intensity. Initially weak waves can grow while barely changing the
distribution.

5.4 The central QLT ordering and what it permits

Assume perturbatively small fluctuations, |§f| < F. For QLT to describe relaxation of the unstable
background, their mean feedback must act before the neglected nonlinear fluctuation dynamics becomes
important:

‘Tw L teq Kty ‘ (512)

Short-time linear theory applies while t < teq, tn1. QLT extends the calculation to t ~ teq, but still requires
t < ty: F evolves while the fluctuations retain a linear response about the current F'.

To derive the coupled system (5.10), make the following approximation to the mean and fluctuation
equations:

(0 +v0,)0f = —EE&)F, linear response about the current F, (5.13)
m

O F = —g&, (E0f), slow feedback on the mean. (5.14)
m

QLT omits the entire bracketed term in the fluctuation equation shown above, while retaining the quadratic
mean feedback. This keeps the leading linear response of the fluctuations and the leading nonzero change
of F'. The ordering t.q < t, requires that this mean change occur before the omitted fluctuation dynamics
becomes important.

This ordering must survive as the waves grow and F' relaxes; small initial fluctuations alone do not
establish it. If t;) S teq, nonlinear fluctuation interactions must be included. When 7, < ¢, they can
sometimes be treated by weak-turbulence theory; when t, ~ 7, even that separation is lost [1].

5.5 Derive the wave evolution equation

Use the Fourier convention

E(zt) =Y B(t)e™,  Ep=E;, (B*) =Y |EB[ (5.15)
k0 k0

11
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Every sum includes both signed wavenumbers. Real fields have w, _; = —w;  and y_ = V4.

The fluctuation equation (5.13) evolves d fr. To determine the field as well, couple it to Poisson’s equation:

(0 + ik0)5 fr, = —%Ek&,F, ikE, = dmq / 5 £ dv. (5.16)

For a fixed F, this is the linear problem solved in Section 3: a normal mode has Ej o e ™! with
Wi = wy i, + 1y, determined by e(wy, k; F') = 0. QLT retains that mode while allowing F' to evolve slowly.
To leading order in this slow-background approximation, the wave amplitude obeys

dE;
dt

= [~iwpk[F] + [ F]] Ex. (5.17)

The imaginary term advances the wave phase; the real term changes its amplitude. Both coefficients are
evaluated using the current distribution.

Now form the intensity I}, = EjE;. Differentiating and using (5.17) gives
dl LAdE dE}
W B dt Mt (5.18)
= [(—Zwr,k + ) + (iwrk + )] | Ek|* = 29k [F] I

The phase terms cancel. This is precisely the wave-intensity equation (5.10b), the second half of the
coupled QLT system. We next derive the first half: how these waves change F'.

5.6 Derive the particle diffusion equation

For the dominant growing mode, the linear response (3.1), evaluated using the current F, is

.q E.o,F
ofp ~—i———F———— . 1
L “m wr g — kv + iy >0 (5.19)

The correlation is (ESf) = >, E;6 fi. For real fields, E_j = E} and 0f_, = f};, so
Epdfe+ EZp0 f-r = Epdfe + (Epdfe)" = 2Re(Eid fr).

The imaginary parts cancel between k and —k. Since ), already includes both signs, no additional factor
of 2 is needed. Using

e 7
r+iy a2 +2
gives
_q Yk
(Eof) Oy F. 5.20
f)= Z o o) (5.20)

Substituting into (5.14) gives the diffusion equatlon (5.10a), with

2

q Yk

=— I (t . 21
mik: O o =7 72 21

D is nonnegative for this growing-wave calculation, with units of velocity squared per time. The flux
I'y = —=DO0, F carries particles down the distribution gradient.

For a feature of velocity width Avg, a characteristic instantaneous relaxation time is

; (AUF)2
eq Dtyp )

(5.22)

where Dy, is representative of that interval. As the waves grow, D increases and this time decreases.
The actual evolution follows the coupled distribution and wave equations, not a fixed diffusion time.

12
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5.7 Which particles diffuse?

For a smooth, dense spectrum, the growing-mode limit v, — 0T gives

~
2 + 72

2
5 78(z), | Dres(v,t) = % S Lu()5 (kv — wpp). (5.23)
k

Diffusion is concentrated at wave phase velocities. The delta function is a spectrum-level resonance
rule; a single eternally coherent wave instead permits coherent particle trapping (Section 7.1). The
force-correlation interpretation and its additional time separation are developed in the next subsection.

The finite-y coefficient (5.21) was derived for growing modes. Inserting a negative damping rate into that

expression would not give a valid negative diffusion coefficient; damped-wave evolution requires the causal
initial-value response.

We now have the ingredients of (5.10). Given an initial distribution and a small seed wave spectrum, use
F to calculate the wave growth rates, use the spectrum to calculate D, and evolve both together. Before
applying this system to bump-on-tail, we make the particle interpretation of D quantitative.

5.8 Particle interpretation: from electric-field kicks to D(v)

The random-kick picture introduced at the beginning of this section can now be connected directly to the
diffusion coefficient. For a weak, zero-mean, homogeneous and stationary electric field, evaluate the force
along the unperturbed orbit z = zg + vt over a correlation time. To leading order,

Av(t) = % /Ot E(zp + vs, s)ds, Cy(7) = (E(20,0)E(20 + v7, 7)) . (5.24)

Squaring the time integral and using stationarity gives
2 t ot 2t
q / ;2
A2:—//C’—dd:—/t—C dr. 5.25
(o) =5 || Culs = s)dsds’ = 5 | (4 = 7)Culr) dr (5.25)
The two equal triangles of the time-integration square give the factor of two. Define 7. as the decay time

of the force correlation along a particle orbit. For many decorrelated kicks to accumulate while F' remains
nearly fixed, there must be an intermediate interval

25

Over this interval, the variance becomes

((Av)?) ~2D(w)t,  D() = f; /0 Yy dr. (5.27)

Thus D measures the accumulated effect of correlated acceleration. The kicks must be weak enough that
evaluating the force on the unperturbed orbit is accurate during each 7.. For a self-consistent growing
spectrum, the local stationary-correlation approximation also requires 7. < 7, so the intensity changes
little during a correlated encounter.

For a Fourier component with phase kz — wt, the orbit samples the phase at the rate kv — w. Near
resonance, successive kicks reinforce one another; far from resonance, their signs cancel. A finite correlation
time broadens the interaction to |kv — w|7. < 1, while the long-correlation limit recovers the resonant

delta function in (5.23). Thus the force-correlation calculation and the distribution-function calculation
are two views of the same quasilinear diffusion.

For a prescribed random field, use this D in the diffusion equation but do not evolve the field using (5.10b).
Particle number is conserved for vanishing boundary flux, while particle kinetic energy can change through
work by the externally maintained field. In the self-consistent bump-on-tail problem, by contrast, the field
and distribution evolve together and share a finite energy budget. We now turn to that example.

13
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6 Bump-on-tail relaxation: plateau and energy budget

6.1 The first equation builds a plateau

Start with the positive slope in the bump: for £ > 0 on the positive-frequency Langmuir branch,
e < F'(wp/k) > 0. The waves grow, increasing I, and hence the resonant diffusion coefficient D.

The first equation of (5.10) then redistributes particles. Its velocity-space flux, I'y = —D0, F, carries
particles from larger to smaller values of F': the dip fills and the bump is reduced. If the wave spectrum
covers a connected resonant interval, diffusion flattens that interval. A stationary state with zero particle

flux requires
I'v=—-DO,F=0 = F@)=F,; (nn<v<wv, D>0). (6.1)

The plateau belongs to the mean distribution F'. Fine structure can remain in the full phase-space
distribution, and velocities outside the resonant interval need not become Maxwellian.

Particle conservation determines the plateau height for a given interval:

Fpl(’Ug — Ul) = /UQ Fz(’U) d’U, Fi(’Ul) = Fi(’Ug) = Fpl- (6.2)

Here F; is the initial distribution. In the idealized plateau construction, matching to the distribution
outside the resonant interval, together with the equal-area condition, determines the endpoints and height.

F

Fi(v) removed

Fpl

filled

R

U1 V2

Figure 5: The plateau fills the dip and removes the bump. The two shaded areas are equal: particle number is
conserved in the resonant interval.

6.2 The second equation explains saturation

As diffusion flattens the resonant slope, it also reduces the growth rate in the second equation of (5.10):

d/y

w 0. (6.3)

8UF|U:wT7k/k — 0 = w[F]—0
This is quasilinear saturation: the waves have removed their own drive. Their intensity can remain finite.
So can D; the particle flux vanishes because the distribution has no gradient left in the resonant interval.

The coupled equations predict both the relaxation and wave growth. The condition v, = 0 identifies a
marginal final state, but does not by itself determine the saturated intensity; that requires the initial
conditions, the coupled evolution, and its conservation laws. The energy budget below supplies an
additional constraint.

This ideal saturation assumes an isolated, collisionless system and a wave spectrum for which QLT remains
valid. Coherent trapping can interrupt the evolution before this state is reached (Section 7.1); a plateau
alone does not verify the QLT ordering [1].
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6.3 Account for the energy supplied by the beam

A short moment calculation shows the direction of energy transfer:
K 2
ddT = /%&,(D&,F) dv = —m/vD&,F dv. (6.4)

The positive-slope resonant region at v > 0 loses energy. Where does it go? A Langmuir wave contains
both electric energy and the oscillatory kinetic energy of the nonresonant core. For a long-wavelength,
weakly growing wave, the cold-core estimate is

e|Ey| mno 9 (E?)
S| ~ K Kose = —2 (6U2) ~ 221 = . .
16U | e . < U> o =Us (6.5)
Thus, to this accuracy,
(Waave = U + Kose ~ 2Up,  —AKies ~ AWyaye. | (6.6)

Half of the resonant energy loss goes into electric energy and half into core oscillations in this Langmuir
limit. This is not a universal partition for all plasma waves. These oscillations are also not yet irreversible
thermal heating.

If K includes all particles, it already contains the core oscillatory energy, so total energy is K + Ug. If
one instead separates resonant particles and the wave, use K5 + Wyave to this order. The two accounts
describe the same exchange without counting the core motion twice.

The example is now complete: a positive slope drives waves; the waves diffuse resonant particles; the
slope flattens and the drive weakens. Particle conservation fixes the plateau, while energy conservation
explains both the wave field and the response of the nonresonant core.

7 Applications and limits

7.1 When coherent trapping matters
In a steady wave ¢ = ¢g cos[k(z — vyt)], the particle energy in the wave frame is
1
g = §m(v — ) + qo. (7.1)

A particle that cannot cross a potential-energy maximum follows a closed orbit in the wave frame and is
trapped. Linearizing its motion about a stable potential-energy minimum gives

. E,
80 + wish = 0, wb:|k|\/‘q:20’ :\/‘q’ 'fn’ . Eyp = |keol. (7.2)

This is coherent oscillation in a wave potential, rather than a sequence of independent kicks.

Define 7, = w;’ 1 the characteristic bounce time. For the random-kick picture to apply to a wave packet, a
useful weak-trapping condition is

Te LTy = wpT.< 1. (7.3)

The field then loses coherence before the particle makes a substantial bounce. If 7, < 7, trapped particles
can remain phase-locked to the wave, so independent diffusive kicks are not an adequate description.

For a nearly monochromatic growing wave, compare the same bounce rate with the growth rate. When
wp = 7, resonant particles can bounce within a growth time and trapping can alter or arrest the growth [2].
This is a different saturation mechanism from the QLT plateau. The three tests have distinct jobs: 7. < 73
suppresses coherent trapping, 7. < teq permits many kicks before the background changes, and teq < ty
lets the mean relax before neglected nonlinear fluctuation dynamics takes over.
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7.2 From velocity diffusion to space-plasma transport

The magnetized generalization of QLT allows diffusion in energy and pitch angle,

me? _ (@0, (a8,

_ 1
E= 5 a=cos” (v /v), Do =~ INEE OAL

Dgg ~ (7.4)
The subscript ¢ denotes centered variances, measured over times longer than the correlation time but
shorter than the distribution-evolution time. A full description also includes mixed diffusion and the

correct velocity-space measure. For example, pure pitch-angle diffusion at fixed speed is

O F =

—— 0 (Sin @ D00 F) . (7.5)
sin «
Scattering into a loss cone can produce precipitation. Combining streaming with scattering leads naturally
to the kinetic transport problem.

The bump-on-tail example also connects to solar-flare electrons exciting Langmuir waves. Type-III radio
emission requires additional conversion into escaping electromagnetic waves [11].

Cyclotron-resonant scattering uses

_ 4B

me’

W — ]{H’U” = TLQ, Q (7.6)
The n = 0 parallel electric resonance connects to our calculation. General n # 0 interactions, including
those relevant to chorus and EMIC waves, require gyromotion in the fluctuating response and magnetized
Vlasov QLT [8, 9]; they are not obtained from the elementary drift-kinetic equation (1.5).

For space-plasma applications, QLT answers a local interaction question: given a measured or modeled
wave spectrum, which particles satisfy the resonance condition, and what pitch-angle, momentum, and
mixed diffusion coefficients Dy, Dpp, and Dy, result? For whistler-mode chorus, these coefficients describe
resonant electron scattering and energization; for EMIC waves, they estimate scattering toward the loss
cone; and for solar energetic particles, D, from resonant Alfvénic fluctuations sets a parallel mean
free path. These coefficients are inputs rather than complete population predictions. Determining how
rapidly a loss cone fills, whether a MeV electron population develops, how much precipitation accumulates
during an event, or what SEP arrival profiles and anisotropies are observed requires a Fokker—Planck or
focused-transport equation for F(x,p, pu,t), together with sources, escape, focusing, cooling, and boundary
conditions. Strong coherent wave packets, field-line wandering, and the difficulty of scattering through
1 =~ 0 also mark situations in which a simple QLT closure may be incomplete.

Recommended reading

Kulsrud, Plasma Physics for Astrophysics, Chapter 10, especially Sections 10.4-10.7. Use
this for Landau resonance, the physical picture of Landau damping, different types of wave—particle
resonance, and the drift-kinetic equation [3].

Parra, Drift Kinetics. Use this for a systematic derivation of drift kinetics from the Vlasov equation.
The notes introduce guiding-center coordinates, order the problem in p/L < 1, show why the lowest-order
distribution is gyrotropic, and derive the guiding-center phase-space equation and its Jacobian [4]. Online
lecture notes.

Dodin, Plasma Waves and Instabilities, Lecture 15, especially Sections 15.1-15.3. Use this for
quasilinear theory: the distinction between coherent trapping by one wave and statistical diffusion by
many waves, the velocity-space diffusion coefficient, conservation laws, and bump-on-tail relaxation [5].
Download the lecture notes.
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